
C 

C* 
C O  

= concentration of dissolved oxygen in the liquid 

= equilibrium concentration of dissolved oxygen, mg/L 
= concentration of dissolved oxygen at the grid (Y = 0); 

= continuous stirred tank reactor 
= axial dispersion coefficient, cm2/s 
= volumetric mass transfer coefficient for the ADM, s-’ 
= volumetric mass transfer coefficient for the T-ZM 

(bulk zone), s-’ 
= modified standard error, mg/L 
= plug flow model 
= two-zone model 
= gas superficial velocity, cm/s 
= liquid superficial velocity, cm/s 
= x-axis in the concentration contour diagrams, cm 
= height of the sampling points measured from the grid 

phase, mg/L 

average measurement, -0.5 mg/L 

(Y=% cm 

G m k  Letters 

a = (KuzhdV,, cm-’ 
P = (KLaITB/Vl, cm-’ 
9 = two dimensional function obtained in the contour 

diagrams; relates the oxygen concentration at a point 
in the column to its position co-ordinates. 
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Calculations of the distribution of states in cell populations grown in well- 
mixed, isothermal batch and continuous flow reactors are presented. By restrict- 
ing the analysis to a class of bacteria for which cell division control may be modeled 
using overlapping timers, analytical results are obtained for many cell population 
characteristics in terms of the growth rate history. This required growth rate 
trajectory is evaluated using a separate overall reactor model. The simulation 
results conform qualitatively to available experimental data and suggest new 
experiments for further testing of the single-cell model. 

SCOPE 
Many processes, including reactors used to grow micro- 

organisms or to utilize their catalytic assemblies, involve dis- 
persed phases or entities. It has long been recognized that the 

performance of such processes depends in general on the dis- 
tribution of states over the individual particles which constitute 
the dispersed phase. Process mathematical modeling which 
includes determination of the distribution of states usually 

CA 91125. Ramkrishna, 1979). These models, typically of integro-partial 
0 0 0 1 - 1 5 4 1 - 8 1 - 4 ; 3 2 2 - 0 7 ~ ~ 2 . ~  0 The American Institute ofchemical Engineers, 1981. differential equation form, are rarely amenable to analytical 
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solution, and determining approximate numerical solutions is 
also often a difficult task. These problems are exacerbated in 
the case of microbial reactor modeling. Because single living 
cells are themselves complex and adaptive chemical reactors, 
they may require a multicomponent representation, thereby 
substantially complicating their population balance models. 

To minimize the difficulties in formulating and solving mi- 
crobial population models, careful attention should be focused 
on the growth and regulatory features of the particular or- 
ganism of interest. The bacterium Escherichia coli has been 
chosen for this study for several reasons. First, this organism 
has been more completely studied and is better understood 
than any other living thing. In particular, research on E .  coli 

indicates that the single cell controls division and DNA synthe- 
sis based on timers which are started at certain critical cell 
mass values. These features of cellular operation provide 
structure for the modeling problem useful for its solution. 

Models for microbial reactors containing E. coli populations 
will likely be useful for related types of bacteria. Greater 
large-scale utilization of these micro-organisms in the future is 
expected, since they are now the subjects of intensive recom- 
binant DNA research. It is widely believed that many phar- 
maceuticals and other fermentation products currently man- 
ufactured using molds or mammalian cells will be produced in 
the future at much higher rates using bacteria modified by 
gene-splicing technology. 

CONCLUSIONS AND SIGNIFICANCE 

Many properties of a bacterial population, including mass 
concentration, number concentration, overall DNA concentra- 
tion, the frequency functions for cell mass and cell DNA con- 
tent, and cellular DNA configuration, have been determined, 
in most cases without recourse to population balance equa- 
tions. The results are applicable in both steady-state and trans- 
ient conditions. The analysis has a disadvantage in that the 
cellular specific growth rate ~ ( t )  is considered to be a known 
function of time. 

Subject to the assumptions of the single-cell model, the cellu- 
lar specific growth rate is readily available for well-mixed, 
steady-state, continuous flow reactors. In this case, the fre- 
quency function for DNA for the cell population is very sensi- 
tive to reactor mean residence time. Also, as mean residence 
time increases, average cellular mass and DNA content de- 
clines, but their ratio (average cell DNA content)/(average cell 
mass) increases. These results are consistent with experimental 
observations (Maalfie, 1960). 

Overall reactor transients can be approximated in many 
cases by a separate model which considers only nutrient and 
total cell mass concentrations. A standard model of this class 
has been used to calculate p(t) for two diRerent examples: a 
batch process and a flow-rate step change for a continuous flow 

reactor. The resulting growth rate transients provide the 
needed input to determine all of the cell population charac- 
teristics listed above. 

Mean cell mass and the ratio of mean cell DNA content to 
mean cell mass follow the same trends during the batch as have 
been reported for many micro-organisms. Changes with time 
in cell population characteristics in both examples reflect a 
memory phenomenon which arises from the single-cell timer 
control mechanism. This results in dependence of population 
properties at a given time on the growth rate history during the 
previous hour. This memory interval is identical to the running 
time of the cellular control timer. 

Recognition of these lags in achievement of steady-state or 
balanced exponential growth in the population is important for 
proper interpretation of experimental data and for design of 
process controllers. These results may also assist in developing 
improved models for product formation in bacterial reactors. 
The cell population results may be used in connection with 
many other overall reactor models, including those which con- 
sider spatial variations in reactor conditions. Finally, this work 
clearly illustrates the importance of fundamental knowledge of 
single cell characteristics in developing and solving models for 
population dynamics in microbial reactors. 

To model the dynamics of E .  coli and related bacteria, it is 
necessary to consider certain fundamental aspects of single cell 
operation. For this organism under most conditions, synthesis of 
cell mass and of DNA, the genetic material, appear to be inter- 
locked with each other and with control of cell division. Syn- 
thesis of DNA is initiated whenever the cell mass attains certain 
critical values (Donachie, 1968), and the duration of DNA 
synthesis and the time from its initiation until cell division are 
independent of growth rate (Cooper and Helmstetter, 1968). 
Several authors have noted that the cell likely has no means of 
monitoring its mass, and several other more physically plausible 
mechanisms for control of initiation of DNA synthesis have been 
proposed (Helmstetter and Cooper, 1968; Pritchard et al., 1969; 
Bleecken, 1969, 1971). However, unless special experimental 
cultivation methods are invoked, these models are operationally 
identical to the one based an cell mass. 

It will be helpful here to reformulate the same model i n  
different terms so that analyses of mass and D N A  synthesis and 
their effects in bacterial populations can be decoupled. This 
approach, which involves timers controlling cell diviaion, 
minimizes the need for use of somewhat specialized biological 
concepts and terminology in the derivations and discussions. 

Alternative derivations, cast in more bacteriological and formal 
mathematical veins, of several of the succeeding results are 
available elsewhere (Nishimura arid Bailey, 1979). A timer for- 
malism similar to that employed below was used i n  the com- 
puter simulation model for bacterial population dynamics 
presented by Margolis and Cooper (1971). 

BACTERIAL POPULATION DYNAMICS 

It will be assumed that mmin = 7n* is the minimum possible 
mass for a single cell, and that the cell starts a timer whenever its 
mass m attains one of the critical values 2"m*; n = 1, 2, 3,  , . . 
After the timer has run for a fixed time, which will be denoted L,  
the cell and all of its contents divide in half, giving two identical 
daughter cells. It is important to note that the timer span L is 
presumed to be independent of growth rate. Also, the timer 
mechanism introduced here does result in a multivariable (cell 
mass and timer position) single-cell model. 

At any instant, a cell may have more than one active timer. 
Suppose, for example, that a cell containing no active timers 
attains mass 2m* at time tl and reaches inass 4m* by time t p  

which is i n  the interval t ,  < t2 < t l  + L. At time tp, then, the first 
timer will have reached elapsed time tp - t , ,  and a second timer 
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will start. At time t ,  + L, the  cell divides, and each daughter cell 
inherits the second timer, which stands then at  time position tl 
+ L - tz. When the second timer runs out a t  time tz + L, both 
daughter cells divide. 

These characteristics, while apparently quite complicated, 
lend themselves to an analytical solution for population 
dynamics. The change in single cell mass with time is presumed 
governed by: 

where, for the moment, p( t )  is considered as a known, nonnega- 
tive, piecewise continuous function. Analysis of single cell 
growth with division governed by the timer model just outlined 
is greatly facilitated by introducing a new mass variable w de- 
fined by: 

w = lo& (mlm*) (2) A 

From Eqs. 1 and 2 it follows that: 

w(t)  = w(to) + lo k(7)d7 (3) 

where 

(4) 
A k( t )  = p ( t ) / f n  2 

Thus, in w-coordinates, exponential growth appears as a sim- 
ple linear increase, the magnitude of which is independent of 
the cell's initial w-value. Furthermore, the masses at which 
timers are started are integer values of the cell's w-coordinate. 
Therefore, a cell with w-value w(t)  at time t has [w(t)] active 
timers: [.I here denotes the greatest integerfunction. Also in the 
w-coordinate, cell division implies a reduction of unity in cell 
w-value. 

In the following, flw, t )  will denote the frequency function for 
w for a cell population: thus, f (w,  t)dw is the fraction of the 
population with w-values between wand w + dw. The function 
4(w, t ) ,  defined as: 

4(w t )  = Ntlflw, t )  (5) 

where N ( t )  is the number of cells per unit volume of culture at 
time t ,  will be called the number density function. 

As an initial exercise in population dynamics, suppose that at 
time zero a population of cells with w-values in the interval 0 5 
w < 1 is placed in nutrient solution. This initial population, 
which is sometimes called aresting population because it has no 
active timers, has a number density function of the form: 

0 5 w < I 
otherwise 

Thus 
r l  

(7) 

As cells in this initial population grow, their w-values increase 
in parallel, Eq. 3.  Suppose that the cells never divide for t > 0. 
The corresponding number density function, which will be 
noted by +'(w,  t )  and called the tentative number density, is 
given at time tl > 0 by: 

where 

0 ( t )  4 [ k(7)dT (9) 

Next, the divisions experienced during the [0 ,  t ]  time interval 
are taken into account. This requires identification of the last 
timers to complete their cycle. These most recently completed 

0 

x2"+ 

1 

TENTATIVE 
NUMBER OENSITY 

Figure 1. Schematic diagram showing the relationship among the initial 
number density function, the tentative number density function 4' at times 

t ,  ond t, - L, ond the number density function at time t l .  

timers will be the ones that were active at time tl - L; any timers 
started later will still be running at time tl. Consider the tenta- 
tive number density at time t ,  - L; in general, this function will 
be defined over a w-interval oflength unity which will contain an 
integer value of the w-scale, Figure 1. 

n = [ O ( t ,  - L)] 

Then, except for special cases in which O ( t ,  - L)  is an integer, 

Let 

(10) 

(11) 

A 

e(t, - L) < + 1 < e(t, - L)  + 1 

Cells with w-values in the interval [O( t ,  - L) ,  n + 1) at time t l  - 
L have started their nth timer but not the (n + 1)st at time t l  - L. 
By time t l ,  this class of cells will have finished their nth timer 
(but not the (n + 1)st) and will be distributed over the w-interval: 

e(t, - L) + cr(tl) 5 w < (n + 1) + a(tJ (12) 

where a(t) denotes the w-value change due to growth between 
times t - L and t:  

4 t )  4 f, M7M7 (13) 

Notice that, using Eqs. 9 and 13, Eq. 12 may be rewritten as: 

@(t,)  5 w < U ( t l )  + n + 1 

Since these cells will have started and finished precisely n 
timers by time tl ,  they will all have divided exactly n times, 
increasing their numbers by a factor of 2" and decreasing their 
w-values by n w-units. Therefore, the actual number density 
function in w at time t l  contains a nonzero component on the 
w-interval: 

O ( t J  - n 5 w < a(tl) + 1 (15) 

(14) 
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and defined over this w-interval as: 

4J(w, tl) = 2nNo)f (w - e(td + 4 (16) 

If the same series of arguments as just constructed is applied 
to the part of the tentative number density defined at time t l  - L 
on the w-interval: 

+ 1 5 < e(t, - L) + 1, (17) 

it follows that these cells have divided n + 1 times at time t ,  and 
that they contribute the remaining portion of the actual number 
density as: 

+(w, tl) = 211+1~(o)f0(w - e(t,) + + 1); 

a(tl)  5 < e(t,) - (18) 

Therefore, the number density function at time t l  is distributed 
entirely over the interval [a(t,), u(tl) + l ) ,  Figure 1.  The func- 
tion will typically contain a single discontinuity. 

From +(w, t) ,  the number of cells per unit volume of culture 
may be calculated using: 

rr(l)+l 

N t )  = 1 $ 4 ~  t)dw (19) 
d(0 

The frequency function for w ,  f ( w ,  t ) ,  may be found by dividing 
+(w, t )  by N ( t ) ,  and this result may be transformed to the 
frequency function for mass, fm(m, t ) ,  as follows: 

The total cell mass per unit volume of culture, M ( t ) ,  may be 
determined from: 

d(t’+l 

M ( t )  = +(w, t)m*2%w (21) 
d l )  

The basic unit of cellular DNA is the genome, which is the 
minimum DNA content of a living cell. One genome corre- 
sponds to one complete set of genetic information. The unit used 
for cellular DNA content in this work is number of genome 
equivalents. It has been shown that the DNA content of a 
model cell at time t is determined entirely by that cell’s w-value 
at time t and by the growth rate history over the time interval ( t  
- L, t )  (Nishimura and Bailey, 1979). This relationship may be 
inverted to obtain: 

where y is the cell’s DNAcontent. Then, the frequency function 
for DNA may be obtained by coordinate transformation from w 
to y :  

BATCH REACTOR DYNAMICS 

The bacterial population at time zero will be assumed to be in 
a resting state. This is often the case in batch experimental 
studies of micro-organisms. Then, as indicated in the previous 
section, the initial distribution of states fo will influence the 
population’s behavior for all future times. This makes it impor- 
tant to specifyf, with some care. One reasonable approach is the 
following: suppose that a bacterial culture is growing at constant 
specific growth rate P*, and that growth is balanced. Here, the 
term “balanced” is used to indicate a growth state in which all 
frequency functions and the average m a s  and DNA content per 
cell are time-invariant. If this population is then transferred 
from nutrient solution into a solution lacking some required 
nutrients so that p = 0, it will decay over a time L into a resting 
state. The frequency function in u; for this resting population 
will be (Nishimura and Bailey, 1979): 
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(24) 

= f * ( w )  (25) 

fw = (en2)21-z; o I < 1 
In the following discussion of batch reactor dynamics 

will be assumed. In this case, there are no discontinuities in the 
number density function. Utilizing Eq. 25 in Eqs. 16 through 
21, there results: 

The corresponding frequency function for DNA, fO(7, t ) ,  must 
be evaluated numerically using Eq. 23 and the 5 + mapping 
mentioned above. 

As previously explained, it is necessary to interface these 
population dynamics results with a separate model of overall 
dynamics in the batch reactor. This model is formulated here 
based on Monod kinetics (Monod, 1949) and the assumption that 
the yield Y of cell mass produced per unit mass of limiting 
nutrient consumed is constant. Then, the well-mixed, isother- 
mal batch reactor may be described in overall terms by: 

(33) 

The symbol S ( t )  denotes the concentration (mass per unit vol- 
ume) of growth-limiting nutrient in the reaction mixture. 

The parameters required to specify the system are reduced by 
transforming to the following dimensionless variables and pa- 
rameters. 

giving 

(35) 

with 

and 

(37) 

Eqs. 35 and 36 may be integrated, giving y(t) implicitly through 
the formula (Bailey and Ollis, 1977): 
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Figure 2. Batch reactor simulation results. The curves marked p,y,x, and yare specific growth rate and dimensionless substrate, cell mass, and cell number 
concentrations, respectively. The ordinate scale for these quantities is  linear and ranges from zero to two as shown. Sequences of curves in rear and front 

sections of the figure are frequency functions for DNA and mass, respectively. 

- K e n  y ( t )  = (1 + ~,,)p,,,~~ t (38) 
Once y ( t )  is determined, ~ ( t )  follows from Eq. 37. The resulting 
p(t) may then be used to calculate population dynamics. 

Figure 2 illustrates the results of such calculations for the 
parameter values pm = 0.95 h-', X, = 0.08, and K = 0.1.  The 
curves on the rear vertical panel are the specific growth rate p, 
the dimensionless nutrient and cell mass concentration y and x, 
and a dimensionless cell number  concentration u = 
(M(O)N( t ) ) / (YS ,N(O) ) ,  respectively. The rear sequence of func- 
tions are the frequency functions for DNA at the indicated times 
during the batch. The narrow, blocked vertical bars appearing in 
some of these are symbolic representations of impulse functions 
which arise at integer genome values. The height of these bars is 
scaled to correspond to the corresponding inpulse magnitude. 
The front sequence of curves are the frequency functions for cell 
mass. The heavy lines sometimes visible in the front and rear 
floor panels are the mean cell mass and mean cell DNA content, 
respectively. A different view of the frequency functions which 
more clearly shows their changes during the batch is provided in 
Figure 3.  

Many of the trends evident in this simulation are consistent 
with experimental observations of batch microbial reactors 
(Herbert, 1961). The lag of cell number increase relative to total 
cell mass increase, giving a larger average mass for cells during 
active growth of the culture, is one such feature. Another is the 
decline in the ratio of average DNA per cell to average cell mass 
during the early period of the batch. Reversal of these trends as 
the growth rate approaches zero also agrees with experiment. 
This simulation does not exhibit the lag in initiation of culture 
growth which is often observed to occurjust after inoculation ofa 
microbial batch reactor. The overall dynamic model of this 
system could, however, be modified to provide this result. 

One interesting result is the transient in reaching the resting 
state after the growth rate has become approximately zero. 
During this transient, the frequency function for DNA is sharply 
bimodal; the impulse at y = 2 gradually fades and contributes to 

the accumulating resting-state impulse at y = 1. Changes with 
time infm(rn, t )  are relatively smooth, consisting of shifting and 
stretchingaccording to Eq. 28; As Eq. 27 indicates, ifthe growth 
rate is nonzero untjl time t ,  cell numbers will continue to 
increase until time t + L. 

STEADY-STATE AND TRANSIENT BEHAVIOR OF MICROBIAL 
CSTRs 

To a well-mixed isothermal reactor containing a microbial 
culture of volume V, a sterile solution of nutrient at concentra- 
tion S, is continuously fed at flow rate F(t), and culture is 
pumped out of the reactor at the same flow rate. Under these 
conditions, the total cell mass and substrate concentrations 
satisfy: 

(39) 

and 

respectively, where the dilution rate D(t ) ,  equal to the number 
of reaction mixture volumes fed through the reactor per unit 
time, is defined by: 

D(t )  = F(t ) /V (41) 
For steady-state reactoroperation at time-invariant d i l u t i p  

rate D*, it follows from dM( t ) /d t  = 0 and Eq. 39 that either M* 
is zero, a pathological situation in which the microbial culture 
has been washed out of the reactor, or the specific growth rate 
p* must be equal to U*.  For transient reactor operation, calcula- 
tions similar to those for the batch reactor are necessary to 
determine p(t). In the computations presented below, the 
specific growth rate has been assumed to depend on nutrient 
concentration according to Eq. 33. 
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Figure 3. Another view of the sequence of DNA and moss frequency functions a t  different times during batch growth of bacteria. 

A description of bacterial population dynamics in the CSTR 
may be readily obtained from the results above. This is most 
easily demonstrated by establishing a simple relationship be- 
tween the number density function for w in a closed system and 
this function for a CSTR with the same growth rate trajectory 
p(t). The population balance equation for the closed system is 
(Fredrickson, e t  al., 1967; Ramkrishna, 1979): 

and the corresponding equation for the population in a CSTR is: 

a44w7 t ,  = - k ( t )  t ,  - D(t)$(w,  t )  (43) 
at aw 

Page 78 January, 1981 

Suppose that the appropriate boundary conditions and identical 
initial conditions are applied in each case. Then, it can be  shown 
by direct substitution that ifc#+(w, t )  is a solution to the problem 
associated with Eq. 42, ~ X W ,  t )  given by 

M w ,  t )  = M w ,  t )  exp 

satisfies the corresponding problem for the CSTR inclnding Eq. 
43. 

Clearly the influence of the continuous flow through the 
vessel is to influence the magnitude of 4Aw, t )  but not its shape; 
i.e., not the dependence on w at a given t .  Recalling Eq. 5, this 
means that N ( t )  is modified in the CSTR, but the frequency 
functionf(w, t )  is not. This implies that the frequency functions 
for w ,  m, and 7 derived earlier for a closed system apply to the 
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Growth r a t e  (doubl i n g d h o u r )  

Figure 4. Properties of bacterial populations in steady-state CSTRs at different dilution rates. Rear panel illustrates the ratio of mean dimensionless cell 
mass to mean cell DNA content. Frequency functions displayed as in Figure 2. 

CSTR. In particular, if the population used to start up the CSTR 
has afrequency for w of the form of Eq. 24, Eq. 28 is valid for the 
continuous-flow reactor. The corresponding fD(y ,  t )  function 
must be calculated from Eq. 23 as in the batch case. 

In the case of steady state operation with p* = D*, the 
function u(t) assumes the constant value: 

U* = LV*/Cn 2 (45) 

The DNA content and cell mass frequency functions for various 
growth rates, plotted vs. doublings per hour = V*/Cn 2, are 
illustrated in Figure 4. As in Figure 2, the average masses and 
DNA contents per cell are drawn on the base panels. The ratio of 
these average values, which is shown on the back panel, follows 
the declining trend observed experimentally (Schaechter e t  al., 
1958). 

As a final example, the response of the microbial CSTR to a 
step change in flow rate will be investigated. It will be  assumed 
that at time zero the CSTR is in the steady state corresponding to 
D1 = 0.8 h-'. This CSTR was started up earlier using a resting 
state population with fo(w) given by Eq. 25. Then, for times 
larger than zero, the flow rate is increased giving V 2  = 1.6 h-' for 
t > 0. 'The other parameter values used in this simulation are: 

p,,, = 2.0 h-', K = 0. 1 (46) 
The transient responses %(t), S ( t ) ,  and p(t) are calculated em- 
ploying Eqs. 33, 38, and 39. With ~ ( t )  known, u(t) and hence 
fnr(rn. t )  andfD(y, t )  may be evaluated. 

A slight modification of Eq. 27 is necessary for correct deter- 
mination ofN(t). This change is required because it was assumed 
in deriving Eq. 28 that p(t) was zero for negative t .  Such is not 
the case for this CSTR step experiment. The rationale for the 
revised formula can be understood by referring to the hatch 
reactor results above; its derivation is available elsewhere 
(Nishimura and Bailey, 1979). It was noted in the batch reactor 
simulations that cell number concentration displays a memory 
effect: after batch growth stopped, cell numbers continued to 
increase for the next L time units. This means that N ( t )  in the 
CSTR shift experiment will retain some effects from the preshift 
steady state during the time interval 0 < t < L. The necessary 
formula for this case is: 

All of the simulation results are collected in Figure 5. The 
dimensionless cell number  concentration in this plot is 
N ( t ) r , / ( N ( O )  exp (V,L))  where x1 is the dimensionless total cell 
mass concentration at the steady state corresponding to dilution 
rate V 1 .  Here, the change in specific growth rate LL(t) is 
sufficiently slow that the lag in N ( t )  relative to p(t) and M ( t )  is 
not obvious. All of the transients are very smooth except for the 
DNA frequency functions, where again very dramatic changes 
occur. 

DISCUSSION 

The population dynamics model employed here successfully 
simulates some of the characteristics of reactors for cultivation of 
E .  coli and related bacteria. However, little experimental in- 
formation is available on the distribution of states in the bacterial 
population. Thus, this important part of the theory must await 
new experiments for its evaluation. It may be possible to mea- 
sure approximately the fD(y, t )  frequency function using flow 
microfluorometry techniques (for example, Bailey et  al., 1978). 
Research along these lines is currently in progress in the au- 
thor's laboratory and should aid in evaluating the single-cell 
model considered here. 

The above results for bacterial population dynamics may be 
used with reactor models and overall kinetics different from 
those employed in the previous illustrations. It is known, for 
example, that lags sometimes exist in growth rate responses to 
nutrient concentration changes, and that these effects are not 
simulated well using Monod kinetics. An overview ofalternative 
approaches to reactor dynamics modeling is provided in Bailey 
and Ollis (1977). 

The present theory of single-cell and population dynamics 
rests heavily on a critical assumption, the limitations of which 
should b e  recognized. The growth rate function p(t)  is 
presumed to be known. To calculate p(t) from an overall reactor 
model independent of consideration of population details, it 
must be assumed that the overall culture growth rate and the 
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Figure 5. Calculated response of a bacterial CSTR to a step change in feed flow rate. CurvesD, @,x, y, and v are dilution rote, specific growth rate, and 
dimensionless cell mass, substrate, and cell number concentrations, respectively. 

rate of nutrient consumption are independent of the distribution 
of states in the population. This may not always be valid, and an 
extended theory or simulation strategy is then required. The 
recent modeling work by Shuler e t  al. (1979) should be useful in 
this connection. 

In its present form, however, the theory can be used to 
construct product formation models in which the production 
rate of a desired microbial product by an individual cell depends 
on nutrient concentration, cell mass, and cell DNA content. 
This is expected, for example, for certain enzymes which are 
produced in direct proportion to the number of DNA segments 
in the cell which code for those enzymes (for example, Donachie 
and Masters, 1969). Letting r,,(w, S, t )  denote the rate of prod- 
uct formation at time t for a cell characterized by its w-value in a 
solution of nutrient at concentration S, the rate of product 
formation per unit volume of culture F,, is given by: 
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N O T A T I O N  

D = F/V,  dilution rate 
f = frequency function 
f* 
F = volumetric flow rate 
k 
K = dimensionless kinetic parameter 
K ,  
L 
m, M = cell mass 
m* 
M 
n = an in teger  
N 

= frequency function given in Eq. 24 

= growth rate function defined in Eq. 4 

= growth rate saturation parameter 
= time duration of cell division timer 

= minimum cell mass = M,,, 
= total mass of cells p e r  un i t  volume of cul ture  

= number of cells per unit volume Of culture 

r, 
r, 
S 

t = time 
V = reaction mixture volume 

y 
Y 

= single cell product formation rate 
= overall product formation rate 
= mass of growth-limiting nutrient per unit volume of 

culture 

X = dimensionless cell mass concentration 
= dimensionless limiting nutrient concentration 
= yield factor; mass of cells formed per mass of limiting 

nutrient consumed 

Greek Letters 

y 
8 
I.L = specific growth rate 
pmax 
5 = w - u  
u 
$J = number density function 
4’ 

= DNA content in genome equivalents 
= function defined in Eq. 9 

= maximum specific growth rate parameter 

= function defined in Eq. 13 

= tentative number density function 

Subscripts 

C = closed 
C = D N A  
f =flow 
m = mass 
0 = initial 
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Effective Diffusivity by The Gas 
Chromatography Technique: Analysis and 
Application to Measurements of Diffusion 
of Various Hydrocarbons in Zeolite NaY 

The gas chromatography technique was applied to measurements of diffusion 
of n-butane in zeolite Nay. The linear chromatography theory failed to explain 
these results quantitatively, and a significant system nonlinearity was demon- 
strated. This nonlinearity is likely associated with non-Fickian diffusion. Order of 
magnitude estimates of the diffusivity could still be obtained, however. Over the 
range of temperatures 105 to 240°C, the n-butane diffusivities were in the range 

cm*/s. Similar results were obtained with n-hexane and calculated 
diffusivities were about an order of magnitude smaller than the corresponding 
n-butane values. In contrast, limited experiments with cyclohexane, 2, 
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2-dimethylbutane, and trans-decalin were entirely consistent with the linear 
chromatography theory. At the measurement temperatures, the intracrystalline 
diffusion was too rapid to be detected in any of these systems. Attempts to operate 
at lower temperatures where diffusion might be significant were frustrated by 
extensive peak broadening and concomitant loss of detector response. 

SCOPE 
Large pore zeolites and in particular the faujasite-type zeol- 

ites (zeolites X and Y) have seen widespread applications as 
cracking and isomerization catalysts (Haynes, 1978). In spite of 
this, information concerning mass transfer in the large pore 
zeolites is only fragmentary. When studying the information 
that is available, one frequently observes discrepancies of sev- 
eral orders of magnitude in the diffusivities reported by differ- 
ent investigators employing different techniques of measure- 
ment. Many times these discrepancies arise from failure of the 
system equations to properly describe all important physical 
phenomena. This can go unrecognized if no attempt is made to 
compare the model predictions with the experiment. 

One of the more popular methods for evaluating effective 
diffusivities in heterogeneous catalysts is based on gas 
chromatography. In earlier work from our laboratory, the 
GC-technique was successfully employed to evaluate dif- 
fusivities in small pore zeolites (Sarma and Haynes, 1974a) and 
these results were confirmed by independent investigators 
using an adsorption rate technique (Shah and Ruthven, 1977). 
One objective of the present investigation was to apply the 
GC-technique to measurements of diffusion of various hydro- 
carbons in large pore zeolites. A necessary prerequisite was to 
provide a rigorous test of the linear chromatography theory in 
its ability to describe the experimental results. 

Corre\pondence concerning thla pdpe1 should be addrehred to H W nape\,  Jr 
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Several important improvements were incorporated into the 
data analysis procedure to provide the most meaningful corn- 




